), playing the role of the "original" image. (d) Measured intensity pattern with 10 minutes exposure (after integration over the non-diffraction dimension and scaled to spatial frequencies). (e) A blurred real-space amplitude that is calculated by inverse Fourier transform of the square root of the measured intensity and phase function that is calculated from the SEM image. (g) Sparsity-based reconstruction (dashed red) compared with the original image (solid blue). The retrieved power spectrum (f) and spectral phase (h) through the sparsity-based reconstruction (dash red) compared with these functions calculated by Fourier transform of the original image. Applying our method for efficient phase retrieval of sparse signals (our prior knowledge is that the sought information is sparse in the basis of shifted rectangles) leads to ~6 times enhanced resolution beyond the inherent resolution limit of our CDI microscope.
The blurred reconstruction calculated by inverse Fourier transform of the "measured" power spectrum presented in (c), assuming full knowledge of the spectral phase. (e) Sparsity-based reconstruction (dashed red) compared with the original image (solid blue). The reconstruction uses the "measured" power spectrum (of (c)) and the prior information that the original image is sparse in the frame of shifted rectangular functions with different widths. Extrapolated power spectrum (f) and recovered spectral phase (g) calculated via sparsity-based reconstruction (dashed red) compared with the original image (solid blue).
Demonstration of ambiguity in 1D CDI of example objects in the paper
It is well known that 1D CDI is generally an ill-posed problem: Generic compact support objects correspond to the same far-field intensity pattern [2] [3] . Still, there are some uncommon objects for which 1D CDI can yield unique solutions where knowing the support is the only prior information. In this section, we demonstrate that the theoretical ( Fig. 1) and experimental ( Fig. 3 ) examples in the paper do not belong to those unusual cases, but rather belong to the general class of signals that do suffer from the ambiguity problem characteristic to the problem of phase retrieval of 1D objects.
We begin with the object in Figure 3 (g,f,h)) leads to ~6 times resolution enhancement (while we measured the power spectrum of the object up to spatial frequency 0.073um -1 , we reconstructed its spatial spectral amplitude and phase with good fidelity up to 0.4um -1 ). The experimental object in this example is symmetric; a fact that in principle could assist the phase retrieval, yet symmetry was not used in our reconstruction.
Sparsity-based algorithm for super-resolved 1D CDI of objects that consist of rectangles with only approximately known widths.
Our problem of super-resolved phase retrieval can be written mathematically as
|| ||
Here is the magnitude-squared of a point DFT of a vector with , is the i th -row of a DTF matrix, is a dictionary where and || || stands for the zero-"norm" that counts the number of non-zero values in . In other words, our measurements vector is a truncated power spectrum of the signal , which can be represented sparsely in the basis . In the simple case, is known in advance (e.g. shift Algorithm for basis update.
Input:
Measurements , rectangle width value and uncertainty with step , threshold parameter , maximal number of iterations and .
Output:
Estimate ̂ of
Initialize:
Construct dictionary consisting of shifted bars with constant width . Solve problem (1) with new dictionary and obtain solution ̂ .
End While
Return ̂ ̂ Sparsity-based super-resolved 1D CDI of objects that are sparse in a frame of rectangles with various widths.
The "sparsity basis" is an important component in sparsity-based CDI (in all dimensions). The basis that was used in the paper -rectangle functions with a fixed width -is not an essential component of the method. Below we demonstrate an extension of this basis into a frame of rectangular functions with various widths. The sparsity frame in the example consists of shifted rectangles with widths that vary between 5 um and 30 um in steps of 5um. Supplementary Figure 4 a) ). Naturally, this reconstructed object (Supplementary Figure 4   d ) is a blurred version of the original object. That is, the incomplete power spectrum has led to considerable loss of resolution even if the spectral phase is known. Next, we implement sparsitybased reconstruction on the truncated spatial power spectrum, without assuming any knowledge on the spectral phase. As a model, we assume that the object is constructed from a small Figure 4 e-f also show the original object. Clearly, the reconstructed object, its complete power spectrum and its reconstructed spectral phase match the original object very well despite usage of the noisy truncated spectrum as "measured data" and the lack of any knowledge on the spectral phase.
